1. INTRODUCTION
• vibrations or oscillations
• Simple oscillation
• a vibrating tuning fork, a pendulum, a weight attached to a spring,
• water waves, sound waves, alternating electric currents

• Not oscillation example
• heat conduction, electromagnetic fields, light
• can be described with sine and cosine

• Fourier series
• One of power series whose terms are sines and cosines
• Can represent only periodic functions
• Fourier integral(Fourier transform) can represent a non‐periodic function

2. SIMPLE HARMONIC MOTION AND WAVE MOTION; PERIODIC
FUNCTIONS
• Figure 2.2 represents any of the functions sin ωt, cos ωt, sin(ωt + φ)
• simple harmonic motion can be described with sinusoidal functions

• P as the point 𝑧

𝑥

𝑖𝑦 in the complex plane

• Definition
• A: amplitude of the vibration or the amplitude of the function
• t: The period of the simple harmonic motion or the period of the function
• time for one complete oscillation.
• t = 2π/ω

• the velocity of Q

• [The imaginary part of (2.5) is Aω cos ωt, which is dy/dt from (2.2).]

• B is the maximum value of the velocity and is called the velocity amplitude.

Example 1.
• kinetic energy of mass m,

• Consider water waves in which the shape of the water surface is a sine curve.

• considering an idealized harmonic oscillator

• energy is proportional to the square of the (velocity) amplitude.

• simple harmonic motion of amplitude A and period λ/v. [fixed x in (2.10)]

Example 2.
• A periodic function need not be a simple sine or cosine,
• but may be any sort of complicated graph that repeats itself (Figure 2.4)

• If we are describing the vibration of a seconds pendulum, the period is 2 sec
(time for one complete back‐and‐forth oscillation). frequency?
• “operating on a frequency of 780 kilohertz,” period?
• By definition, the function f(x) is periodic if f(x + p) = f(x) for every x; the number
p is the period.
• Ex) sin x, sin 2πx, sin(πx/L), sin 2πx/T

3. APPLICATIONS OF FOURIER SERIES
• the vibration of a tuning fork

• A piano string

• Higher frequencies mean shorter periods.
• If sin ωt and cos ωt correspond to the fundamental frequency,
• then sin nωt and cos nωt correspond to the higher harmonics.
• The combination of the fundamental and the harmonics is a complicated periodic
function with the period of the fundamental

Power series (Chapter 1)
• Fourier series
• In general it might require all the harmonics, that is, an infinite series of terms.
• Expanding a function in a Fourier series
• then amounts to breaking it down into its various harmonics.
• harmonic analysis.

• alternating current(a‐c) or voltage in electricity
• The terms of the series with large coefficients then
represent the important harmonics (frequencies)

• Power series
• can be apply to only continuous and differentiable.

• Fourier series
• can represent discontinuous functions or
functions whose graphs have corners.

Trigonometric Identities

4. AVERAGE VALUE OF A FUNCTION

• The addition formulas for sine and cosine

• approximation to the average value of f(x)

n Δx = b −a,

• If we let n → ∞ and Δx → 0,

Example 1.

Example 2.

• The average of sin x over any number of periods is zero. The average value of the
velocity of a simple harmonic oscillator over any number of vibrations is zero.
• In such cases the average of the square of the function may be of interest.

• If the alternating electric current flowing through a wire is described by a sine
function, the square root of the average of the sine squared is known as the root‐
mean‐square or effective value of the current, and is what you would measure
with an a‐c ammeter.

𝐬𝐢𝐧𝟐 𝒙

𝐬𝐢𝐧 𝒙

• average value of sin2 x over a period (say −π to π) by evaluating the integral in
(4.3)

5. FOURIER COEFFICIENTS
• sin n(x + 2π) = sin(nx + 2nπ) = sin nx.
• have shorter periods

• given a function f(x) of period 2π

• An easier way is to use the formulas for the sines and cosines in terms of complex
exponentials

• To find a0, we find the average value on (−π, π) of each term of (5.1).

• n = 0 and m ≠ 0 (that is, m = n)

• To find 𝑎 , multiply both sides of (5.1) by cos 𝑥

• a general formula for 𝑎 , Multiply both sides of (5.1) by cos 𝑛𝑥

Example 1.
• Fourier series

• Expand in a Fourier series the function f(x) sketched in Figure 5.1. “square wave”

Example 2.
• We can now find the Fourier series for some other functions without more
evaluation of coefficients. For example, consider
1

• g(x) = 2f(x) ‐1

• h(x) =f(x+π/2)

‐1

6. DIRICHLET CONDITIONS
• Theorem of Dirichlet:

• finite number of maximum and minimum values

• Converge
• What is the sum of the series at f(x) jumps?
If f(x) is periodic of period 2π, and if between −π and π it is single‐valued, has a finite
number of maximum and minimum values, and a finite number of discontinuities, and if
is finite, then the Fourier series (5.1) [with coefficients given by (5.9) and
(5.10)] converges to f(x) at all the points where f(x) is continuous; at jumps the Fourier
series converges to the midpoint of the jump. (This includes jumps that occur at ±π for the
periodic function.)
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• finite number of discontinuities

• if there is just one value of f(x) for each x.
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• Example of a function with satisfies
the Dirichlet conditions on (‐π, π)

• consider the function f(x)

• Gibbs phenomenon
• a narrower and narrower spike of height equal to about 9% of the jump

If f(x) is periodic of period 2π, and if between −π and π it is single‐valued, has a finite
number of maximum and minimum values, and a finite number of discontinuities, and if
is finite, then the Fourier series (5.1) [with coefficients given by (5.9) and
(5.10)] converges to f(x) at all the points where f(x) is continuous; at jumps the Fourier
series converges to the midpoint of the jump. (This includes jumps that occur at ±π for the
periodic function.)

Example.

7. COMPLEX FORM OF FOURIER SERIES
• sines and cosines can be expressed in terms of complex exponentials by the
formulas {Euler’s Formula]

1
‐π

0

π/2

π

• This is the complex form of a Fourier series. (assume a series)

• From (5.4)

Example.
• Let us expand the same f(x) we did before, namely (5.11). We have from (7.6)

• to verify that this is the same as the sine‐cosine series we had before.

8. OTHER INTERVALS
• The formulas for the coefficients are then unchanged (except for the limits of
integration) if we use other basic intervals of length 2π.

•.
• Consider intervals of length 2𝑙, say
• sin

• Notice, sketch a graph to see clearly. For example,
• 𝑓 𝑥
on

𝑥
𝜋, 𝜋)

on 0, 2𝜋)

has period 2𝑙

𝑙, 𝑙 or 0, 2𝑙

Example.

9. EVEN AND ODD FUNCTIONS
• 𝑓 𝑥 is even if 𝑓

• 𝑓 𝑥 is odd if 𝑓

𝑥

𝑥

𝑓 𝑥 .

𝑓 𝑥 .

• any function can be written as the sum of an even function and an odd function,
like this:

• Odd function: sin 𝑥

Even function: cos 𝑥

• suppose f(x) is odd
• 𝑓 𝑥 sin 𝑛 𝜋 𝑥 / 𝑙

is even

• 𝑓 𝑥 cos 𝑛 𝜋 𝑥 / 𝑙

is odd

• first sketch the given function on 0, 𝑙

Example
• several different kinds of Fourier series that represent a given function f(x)
• Two things to check:
(1) the basic period involved in the physical problem
(2) the physical problem may require either an even function or an odd function for its solution

• consider 𝑓 𝑥 defined on (0, 1) , period 1 (𝑙

1/2

• consider 𝑓 𝑥 defined on (0, 1) , period 2 (𝑙

1

Example
• (b) Sketch an even function of period 2.

• Represent
series, (c) a Fourier series

by (a) a Fourier sine series, (b) a Fourier cosine

• (a) Sketch the given func on between 0 and 1. Extend it to the interval (−1, 0) making it odd.
The period is now 2.

Example
• (c) Sketch the given function on (0, 1) and continue it with period 1.

•

Alternatively we can find both an and bn directly.

7.10. AN APPLICATION TO SOUND
• Let us ask what frequencies we hear when we listen to this sound.
• The period of p(t) is 1/262

11. PARSEVAL’S THEOREM
• Parseval’s theorem(the completeness relation)

• one form of Parseval’s theorem (sine, cosine function form)

• assuming that
is finite.
• the relation between the average of the square of f(x) and the Fourier coefficients.
from Eq. (5.1)

• Complex exponential Fourier series

• Complete set of function
• the set of functions sin 𝑛𝑥, cos 𝑛𝑥 is a complete set of functions on any interval of length 2π
f(x) = 1 / 2 + π / 2 (Sum(sin((2n ‐ 1) x) / (2n ‐ 1), n, 1, 10) ‐ sin(3x) / 3)

Example 1.

Example 2.

• the intensity (energy per square centimeter per second) of a sound wave is
proportional to the average value of the square of the excess pressure.

• Let us use Parseval’s theorem to find the sum of an infinite series.

(from Eq.10.3)

• Let us ﬁnd the average of [f(x)]2 on (−1, 1).

• Thus Parseval’s theorem says that the total energy of the sound wave is equal to
the sum of the energies associated with the various harmonics.

12. FOURIER TRANSFORMS
• Fourier series
• In music these would be an infinite set of frequencies 𝑛𝑓, 𝑛
• In electricity, frequencies 𝑛𝜔 , 𝑛 1, 2, 3, … . ;
• in light, frequencies λ/𝑛 , 𝑛 1, 2, 3, … .

• From Eq. 8.2 Fourier series
1, 2, 3, … . ;

• Two related questions:
1.
2.

is it possible to represent a function which is not periodic by something analogous to a
Fourier series?
can we somehow extend or modify Fourier series to cover the case of a continuous
spectrum of wavelengths of light, or a sound wave containing a continuous set of
frequencies?

• Fourier integral
• can be used to represent non‐periodic functions
• Ex: single voltage pulse not repeated, or a flash of light, or a sound which is not repeated.

• Definition of Fourier Transforms

• The two functions f(x) and g(α) are called a pair of Fourier transforms.
• Usually, g(α) is called the Fourier transform of f(x),
• f(x) is called the inverse Fourier transform of g(α)

• The Fourier integral theorem
• if a function f(x) satisfies the Dirichlet conditions (Section 6) on every finite interval
• if
is finite.

• not periodic by letting the period

𝑙, 𝑙 increase to

∞, ∞
nπ/l = αn and αn+1 − αn = π/l = Δα,
Then 1/(2l) = Δα/(2π)

• Even / odd function

• If f(x) is odd

• g(−α) = −g(α), so g(α) is an odd func on

• From Eq. 12.10

Example 1.

Example 2.

• Fourier integral represents the midpoint of the jump in f(x) at |x| = 1. If we let x = 0,

